CHAPTER

DIFFEREN-
TIAL
EQUATIONS

______________________________________________________________________

Definition, order and degree, general and particular solutions of a
differential equation. Solution of differential equations by method of
separation of variables, solutions of homogeneous differential equations of
first order and first degree. Solutions of linear differential equation of the

type:

d
d_z T PY =4, where p and q are the functions of x or constants

Syllabus

dx
@ T PX =4, where p and q are the functions of y or constants

______________________________________________________________________________________________
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In this chapter you will study

_________________________
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E Revision Notes

> Orders and Degrees of Differential Equation : Key Words

® We shall prefer to use the following notations
for derivatives.

1
dy i dzy " "m :

o L=y — =y 2 = i
dax Vae T ae T !

® For derivatives of higher order, it will be in .
convenient to use so many dashes as super :
1

|

1
1
:
, Differential Equation: In !
dy _ Mathematics, a differential equation |
is an equation with one or more .
derivatives of a function. The derivative i
of the functionis given by dy/dx. In other !
words, it is defined as the equation that |
contains derivatives of one or more |
dependent variables with respect to i

1

1

one or more independent variables.

___________________________________

suffix therefore, we use the notation y, for nth
d"y

n

order derivative

® Order and degree (if defined) of a differential
equation are always positive integers.
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E Know the terms

® Order of a differential equation: Itis the order of the highest order derivative appearing in the differential equation.

® Degree of a differential equation: It is the degree (power) of the highest order derivative, when the differential
coefficients are made free from the radicals and the fractions.

of

- Multiple Choice Questions

Q. 1. The degree of the differential equation

2y (dyY: d
(d‘Z] +(d—y) =xsin(d—y) is
x x X

A1
©3
Ans. Option (D) is correct.

(B) 2
(D) not defined

Explanation: The degree of above differential
equation is not defined because when we expand

d
sin (di) we get an infinite series in the increasing

d
powers of ﬁ . Therefore, its degree is not defined.

Q. 2. The order and degree of the differential equation
2 1/4
Z—Z + (Z—y) +xV% =0 respectively, are
x x
(A) 2and 4 (B) 2and2
(C) 2and 3 (D) 3and 3
Ans. Option (A) is correct.
Explanation:
2 1/4
Given that, d—g+(d—yj = —x1/5
dx*  \dx
1/4
= dz—y+ (d—yj = x5
dx®  \dx
1/4 2
N ( dy j N DSV d%
dx dx

On squaring both sides, we get

1/2
[ﬂ/) _ [x1/5+
dx

Again, on squaring both sides, we have

d 2

ay _ $1/5 +J

dx dx?
Order = 2, degree = 4

Q.3.Which of the following is a second-order
differential equation?
(A) () +x =y’

(C) ]/’”+(]/”)2 +y =0
Option (B) is correct.
Explanation: ~The second-order
equation is y'y"+y =sin x.

Q. 4. The degree of differential equation

2 3
d—y+(d—yj +6y°=0is

(B) y'y”+y=sinx
D) y' =y

Ans.
differential

dx® \dx
(A) 1 (B) 2
©3 (D) 5
Ans. Option (A) is correct.

Explanation:

d’y (dy )3 5

—>+| = +6y° =0

dx? (dx Y

We know that, the degree of a differential equation
is exponent of highest order derivative.
: Degree =1
Q. 5. The order of the differential equation
2
2x> d—y -3 d—y
dx*  dx
(A) 2
Qo
Ans. Option (A) is correct.

Explanation :
2

2x° d—f 3%, -0
dx dx

The highest order derivative present in the given
2

differential equation is Zi); Therefore, its order is

x

+y=0is

(B) 1
(D) not defined

two.



of

©) Very Short Answer Type
Questions (1 mark each)

Q. 1. Find the order and the degree of the differential

2 2)4
equationx® 4Y _ 1+(‘Lyj .
dx? dx

[l [CBSE Delhi Set-I, 2019]

Q. 2. Write the order and the degree of the following
differential equation :

2. \? 4
x3 dJ +x[dlj =0
dx? dx
[R [CBSE Delhi Set-III 2019]
Q. 3. Find the order and degree (if defined) of the
differential equation.

dy (dy )2 2y [d%y
zJ 270 _ 2421 =z J
dxz +Xx dx = ZX Og dxz

[RI[CBSE OD Set-1, 2019]

Sol. Order = 2, Degree not defined Vot Vo
[CBSE Marking Scheme, 2019]

Detailed Solution :
Given differential equation is

d*y  (dy s day
dxz“‘x(dx)z = 2x*log dx?

The highest order derivative present in the
d*y

differential equation is F So, it is of order 2.
X

Clearly, the differential equation is not expressible as
2

d’y

polynomial in el So, its degree is not defined.
x

Hence, order =2
degree = not defined

Commonly Made Error

i » Mostly students write the degree as 1. I

f@? Answering Tip

» Note the questions in which degree is not
defined.

Q. 4. Write the order of the differential equation:
d’y dy \ .
log (dxz) = (‘TZ) +x [SPQ 2018]

Q.5. Write the sum of the order and degree of the

4 2\
differential equation 1+ (d—y) =7 7y .
dx dxz

[Delhi Set I, II, IIl Comptt. 2015]

Degree of the given differential equation = 3
Order of the given differential equation =2 2
Hence, the sum of order and degree = 2 + 3
=5 %
[CBSE Marking Scheme 2015]

©) Short Answer Type

Questions-I (2 marks each)

Q. 1. Show below is a differential equation.

A
sin| —2- 4
Lo {d_yj

y dx

Find the order and the degree of the given
differential equation. Give reasons to support your
answer. [CBSE Practice Questions 2021-22]

Sol. Order is 3 as highest order derivative present in the

3
given differential equation is d—y 1
dx®

Degree is not defined as the highest order derivative
is the function of sine. 1

Q.2. Write the sum of the order and degree of the

following differential equation:

d ( dy ) s [SQP 2021-22]

dx \ dx
Order = 2 1
Degree = 1 )
Sum =3 b3

[CBSE Marking Scheme, 2022]

Detailed Solution:

Given differential equation:
d(dy

dx (dx) =5
2

d% =5
dx

Thus, degree = 2, order = landsum =2+ 1=3

Q. 3. Find the sum of the order and the degree of the

following differential equations :

2
d—y+3/d—y+(1+x)=0
dxz dx

[SQP Dec. 2016-17]



Variable Separable Methods
Toplc-a Concepts Covered e General Solution, e Particular Solutions, e Variable Separable

Method

E Revision Notes

> Solutions of differential equations :

(@) General Solution : The solution which - Key Words

contains as many as arbitrary constants as the order of Variable: A value that keeps on
the differential equations, e.g. ¥ = o cos x + B sin x is the

____________________________

dzy

general solution of 2 +y=0.
x

(b) Particular Solution : Solution
obtained by giving particular values to
the arbitrary constants in the general
solution of a differential equation is

changing is said to be variable.
Variables are often represented by an
alphabet like 4, b, ¢, or x, y, z. Its value
changes from time to time. e.g.: 3x + 5y
= 7 where x and y are variables that are
changed according to the expression.

Constant: As the name implies, the
constantisa value that remains constant

called ‘a Partl.cular 50 lution “8 ¥ = 3 ever. Constant has a fixed value and
cos x + 2sin x is a particular solution of the .
) its value cannot be changed by any
differential equation ay +y=0. variable. Constants are represented by
dx? numbers.

eg: 3x + 5y = 7, where 7 is the
constant, we know its face value is 7
and it cannot be changed. But 3x and 5y
are not constants because the variable x
and y can change their value.

(c) Solution of Differential by Variable Separable
Method : A variable separable form of the differential
equationis the onewhich canbe expressed in the form of f(x)

dx = g(y)dy. The solution is given by [ f(x)dx = g(y)dy +k

, where k is the constant of integration. =~ L.
- Multiple Choice Questions Q.2 The general solution of % = 2w s
2 _ 2
Q. 1. The solution of differential equation xdy — ydx = 0 (A) " ¥ =C B) e?+e" =C
represents (©) e = 4 C (D) e
(A) arectangular hyperbola Ans. Option (C) is correct.
(B) parabola whose vertex is at origin Explanation: Given that,
(C) straight line passing through origin dy 2y 2
(D) a circle whose centre is at origin ax 2xe” U =2xe e
Ans. Option (C) is correct. dy 2
. . = eV == = 2xe
Explanation: Given that, dx
xdy —ydx = 0 = eldy = 2xe* dx
= xdy = ydx . . .
dy  dx On integrating both sides, we get
g2 2
= y x J.eydy = ZJxex dx
On integrating both sides, we get Put x* = ¢ in RHS integral, we get
logy = logx+logC oxdy = dt
= logy = logCx

J.eydy = Je’dt

= y = Cx
= eV =e'+C

which is a straight line passing through the origin. )
= el =¢" +C



Q. 3. The solution of equation 2y —1)dx — (2x +3)dy

Ans.

Q.4.

Ans.

=0is

2x-1 2y+1
A =k B) Y1 _4
) 2y+3 ®) 53
c 2x+3 D ZX—lzk
© 3, D) 2,1
Option (C) is correct.
Explanation: Given that,

Qy-1dx—-(2x+3)dy =0
= (2y —1)dx = (2x+3)dy
N dx  _ _dy
2043 2y-1

On integrating both sides, we get

%log(Zx +3) = %log(Zy -1)

+logC
= %[log~(2x+3)—log(2y—1)] = logC
1 2x+3
= =1 = logC
o 3551 - s
2x+3)"
N X+ _C
2y-1
- 2x+3 _ CZ
2y -1
N 2x+3 —k
2y -1
where, k = C>

The general solution of differential equation
(e* +)ydy = (y+1)e* dx is
A) W+ 1) =k +1)
B)y+l=e+1+k
(©) y =log {k (y +1) (¢* + 1)}
x+1
D)y =1log — +k
(D) y =log Y+l
Option (C) is correct.
Explanation: Given differential equation

(" +1)ydy = (y+1)e*dx

N dy _e"(1+y)
dx (e +1)y
N dx _ (e +1)y
dy e (1+y)
. x __ey
dy e*(1+y) e"(1+y)
- x _ Yy Yy
dy 1+y (1+y)e*
=

dx _ Yy 1+l
dy 1+y e’

Q.5.

Ans.

Q.6.

Ans.

dx _y [e'+1
dy  1+yl ¢

[
1+y e“+1

On integrating both sides, we get

y _roe
J.1+yy_".1+e’(dx

1+y-1, ¢ ¢
J 1+y ay _j1+exdx

1 x
= jldy—jmy Z-'.liexdx

= y-log|(1+y)| =log|(1+e")|+logk
= y =log(l+y)+log(l+e*)+
log(k)

y =log{k(1+y)(1+e")}

The numbers of arbitrary constants in the general
solution of a differential equation of fourth order
are:

(A)0

Q3

Option (D) is correct.

=

(B) 2
(D) 4

Explanation: We know that the number of constants
in the general solution of a differential equation of
order n is equal to its order.

Therefore, the number of constants in the general
Solution of fourth-order differential equation is
four.

The numbers of arbitrary constants in the particular
solution of a differential equation of second order
are:

(A)0

(©) 2

Option (A) is correct.
Explanation: In the particular solution of a differential
equation, there are no arbitrary constants.

(B) 1

(D) 3 [Board, 2020]

OR

Topper Answer, 2020

PO B3 '8 o Ptcuas goludon
Q. 7. The general solution of the differential equation
Z—‘Z =e"*Y is
(A) e*+e?V=C (B) e¢*+e/=C
(C) e*+e!=C (D) e*+e¥=C

Ans. Option (A) is correct.



Explanation:

dx
=e e
= dl = e¥dx
eY
= e dy =e"dx
©) Very Short Answer Type
Questions (1 mark each)

Q.1.How many arbitrary constants are there in the
particular solution of the differential equation

Zl =-4xy?; y(0)=1 [CBSE SQP 2020-21]
X

Q.2. Find the general solution of the differential
equation d—yze“y . Al
dx

[CBSE OD Set-II, 2019] [CBSE SQP-2020]

Sol. Givendifferential equation can be writtenas:

ay
dx
Integrating both sides, we get

=e*e = e Vdy =e*dx
-V =e"+c -
[CBSE Marking Scheme, 2020]

Detailed Solution :
Given differential equation is

W _
dx

= dl =¢r ey
dx

= d—]y/ = (e")dx
e

= (e)dy = (e)dx

Integrating both sides, we get
ey = [(er)dx

= —e¥V=¢+c
= ey =-e"+c [wherec=-]
Q. 3. Find the solution of the differential equation

d, -

Y _\3e72

dx

All [O.D. Set I, II, IIl Comptt. 2015]
Q. 4. Write the solution of the differential equation

Zl =27Y, [Foreign 2015]
x

Integrating both sides, we get:

Ie’ydy = Jexdx

= -V =e"+k
= ef+e’ =k
= ef+e?V =C (where, C = —k)

Sol. Given differential equation is
A _ o
dx
On separating the variables, we get
2Y dy = dx
On integrating both sides, we get
IZy dy = de
2
=x+C
ot log 2 ¥
or 2V = xlog2 + C, log 2

2Y = xlog 2 + C, where C = C; log 21
[CBSE Marking Scheme 2015]

Short Answer Type
Questions-I (2 marks each)

O)

Q. 1. Solve the following differential equation: Z—y
= x° cosec y, given that y(0) = 0. o

[CBSE SQP 2020-21]

Sol. /s x’cosec y; y(0) =0
dx
j & = ijdx %
cosecy
jsiny dy = jx3dx
4
—cosy = xz+c 1
-1=c¢ (v y=0,whenx=0)
4
cosy =1 —— Y

4
[CBSE SQP Marking Scheme 2020]

Commonly Made Error

Students forget to find the particular solution
after finding the general solution.



f@:‘ Answering Tip

» Practice more problems based on finding
particular solution.

________________________________________________

Q. 2. Find the general solution of the differential equation.
xy? — (x+2)(y+2). [OD Comptt. 2017]
X

Sol. S R C )
o y+2 y " dx or
2 2
f(l‘mjdy — J(l+;jdx 1
y-2logly + 2| =x+ 2log|x| + C 1

[CBSE Marking Scheme 2017]
Q. 3. Find the particular solution of the differential

2
equation dy 1+ ]/2 ; given that y(0) = V3.
dx 1+x

[OD Comptt. 2017]
> Short Answer Type
Questions-II (3 marks each)
Q.1.Find the general solution of the differential
equation given below.

dy _ 1
dx x(1+x2)

Show your steps.
[CBSE Practice Questions 2021-22]
Sol. Given differential equation is

a1
dx  x1+x%)
dx
- Jay = jx(1+x2)
dx
y=[—2— Q)
J x(1+x2)
Now, 1 _ABx +2C (i)

x(1+x2) X 1+x

[Using partial fraction]
A + x%) + (Bx + O)x
= 1=A+Bx¥*+Cx+A
: A+B=0,C=0andA=1
A=1,B=-1andC=0

—_
Il

From eqn. (ii), we get
1

x(1+ xz)
Now, from eqn. (i), we get

1
y= J.;dx—_[lfxz dx

X

_1_
X 1442

or, y = J%dx—%'[lizz dx

or, y= logx—%log(1+x2)+logc

or, Yy = logx—log\/(l+x2)+logc
or, y = lOg[Cx]
V1+x2

Q.2.Find the general solution of the differential
equation. xdy = (e — 1)dx

[CBSE OD Set I11-2020]

Sol. Given differential equation can be written as

dy 1

A

I : (e’ -1)

dy dx L
= j V-1 Iy e
e’ dx

d = _— 1
= -[ P y " V2
= 10g|1—e‘y| = log|x|+logC
= 1-¢¥ = Cx 2

[CBSE Marking Scheme 2020] (Modified)
Detailed Solution:

Y
v 1._¢
dx x x
dy _ =1
dx X
1 1
= —dx
eV -1 7T
Integrating both side
1 1
J. 1 dy = ;dx
1 1
———dy = [=4
J.ey(l—e’y) Y X
e’ 1
J 1 e’y dy = ;dx
Let 1-¢¥ =t
0-e¥(-1)dy = dt
eVdy =dt

1 1
24t = (=4
Itdt -[x x
logt = logx + logC
log(1-¢€7) = logxC

1-¢¥ =xC
1-xC=¢?
1-xC = L
ey
&Y = 1
1-xC

y = -log (1 -xC)



Commonly Made Error

Students could not recognize
differential equation correctly.

the form of

© = Learn how to distinguish between variable |
! separable, homogeneous and linear differential !
1 1

________________________________________________

Q. 3. Find the particular solution of the following
differential equation :

d
x + 1)% =27Y-1,y =0whenx = 0.
Al [NCERT] [CBSE Delhi Set-III, 2019]
[CBSE OD Set LI1,I11-2020]

Q. 4. Find the particular solution of the following
differential equation.

cosydx + (1 + 2¢™) siny dy = 0; y(0) = g

[SQP 2018-19]
Sol. cosydx + (1 + 2¢7) siny dy = 0
dx —sinyd
- -[1+2e”‘ ~ 7 cosy ”
P —sinyd
= J2+exdx =5 J‘ cosy Y
= In(¢* +2) =In |cosy| + InC
= In(e* + 2) =In |cos y| C
= e+ 2=C |cos x| 1
= e +2=2Ccosy=e*+2=kcosy..(1)

T .
Substituting x = 0,y = 1 in (1), we get

1+2=kcos =

4
= k=32 1
e+ 2= 32 cos y is the particular
solution. %

[CBSE Marking Scheme 2018-19] (Modified)

Q.5. Find the particular solution of the following
differential equation :

xy% =(x+2)(y+2;y=-1,whenx=1.

Al [OD Comptt. 2017]

Sol.

P
xy% (+2) @y +2)

Y x+2
7d =
42 y " dx

or

2
or [l_yﬂjd}/ = (1+%)dx 1

On integrating it, we get

y-2log(y +2)=x+2logx + C ()1

Given y = —1, when x = 1, then from (i)
-1-2log(-1+2)=1+2logl+C
or =-2,aslogl1=0 Y2

Then (i) becomes :
y-2log(y +2)=x+2logx-2
or y=x-2+ 2{log(y+2)+logx}

or y=x-2+2log{x(y + 2)}
This is the required particular solution. ¥

O)

Q. 1. Solve the following differential equation.

J1+ 22 +y? + x%y° +xyﬂ =0
dx

Long Answer Type
Questions (5 marks each)

[Foreign 2015]
Sol. Given differential equation is
./1+x2 +yZ +xzy2 +xyd—y =
dx
o JlrDeyaen) =
Y dx
or 1+ (1+y?) = —xyd—y
Y dx
[ - W
oI 1+x2\1+y* = —y—
[, .2
or yzdy:—1+x dx 1
N1+ Yy x
On integrating both sides, we get
y / 2
.[ Zdy = —J 1+2x xdx 1
1+ Yy X
On putting 1 + y* =tand 1 + x* = u?
or 2ydy = dtand 2x dx = 2u du
= dy = at
v ey 5
and xdx =udu 1
1e ap, _ u
212 - u du
2-[ J‘uz -1
2
or 1J'F”Zdt = —[——du
2 u -1
12 u? —1+1)
or ET = —J—duz 1 u 1
2
or V2 = —Juz_ldu—J du
el u? -1



1
T = —fdu- [ =1, Vet
or y 2 2 - J1+12 -1 - —1 +C
—(1 i Yy +x°
w- \/1 +x%+1
[put1+ y* =]
1 1 which is the required solution. 1
or 1+y? = -u- Elog —® C 1 [CBSE Marking Scheme 2015] (Modified)
,[ dx il x—a
x2—a® 2a & x+a

___________________________________________________________________________

Linear Differential Equations
Concepts Covered e Linear Differential Equations in x only and in y only

___________________________________________________________________________

E Revision Notes

> Solutions of Differential Equations: STEP 3 : The solution is  given

< Linear differential equation by, x.(LE) = _[Q(y).(I.F.)dy+k, where A is the
in y : It is of the form

ay +P(x)y =Q(x), where
dx

Topic-3

constant of integration.

P(x) and Q(x) are functions of Key‘ Word
x only. :
> Solving Linear Differential
Equationiny:
STEP 1 : Write the given

Constant of integration: A

constant that is added to the function
obtained by evaluating the indefinite
integral of a given function, indicating
that all indefinite integrals of the given
function differ by, at most, a constant.

differential equation in the form Z—y +P(x)y = Q(x).
X

STEP 2: Find the Integration Factor (L.E) = EI Plx)dx .

____________________________

i ntegrating Factor: An integrating

! factorisa function by which an ordinary

, differential equation can be multiplied
i in order to make it integrable.

___________________________________

STEP 3 : The solution is given by,
y-(LE) = [Q(x).(IF.)dx +k, where

kis the constant of integration.
S Linear differential equation
in x : It is of the form

d
i P(y)x=Q(y),  where
dy

P(y) and Q(y) are functions of

y only.
> Solving Linear Differential Equation in x :
STEP 1: Write the given differential equation in the

First  Order

form X1 p(y)r = Q).
dy

STEP 2 : Find the Integration Factor (L.E) = EI Ply)dy .

_________________________________________
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- Multiple Choice Questions

Q. 1. The integrating factor of differential equation
dy

cosx—=+ysinx =1 is
dx

(A) cosx (B) tanx
(C) secx (D) sin x
Ans. Option (C) is correct.
Explanation: Given that,
cosxd—y+ysinx =1
dx
= d—y+ytanx = secx
dx

Here, P = tan x and Q = sec x

IE = eJde
_ eJ'tanxdx
_ elnsecx

IF = secx

Q. 2. The integrating factor of differential equation
(l—xz)d—y—xy =1is
dx

(A) -x (B)
©) J1-x?

Ans. Option (C) is correct.
Explanation: Given that,

d
(1—x2)£—xy =1

1+x?

(D) log (1-+)

by x 1

dx  1-x* Y 1-x*

which is a linear differential equation.
—J X i

IF=e¢ 1

=

_________________________________________

d
Differential equation is of the form d%ery:Q'
where P and Q are constants or the function
of 'x' is called a first order linear differential
equations. Its solution is given as

Y.IF=] Q.IF+C
Put 1-x* =t
= —2xdx = dt
= xdx = —ﬂ
2
1pat
Now, IF = e2' ¢
_ e%logt

1 2
—log (1-x7)
e2

=+1-x*

Q. 3. The solution of xj—y +y=¢"is
x

e¥ k N
(A) y="_-+_ (B) y=xe*+ Cx
Y
Q) y=x+k D) x=S+ K
y y

Ans. Option (A) is correct.
Explanation: Given that,

dy p
— 4+ —
X dx y e
- dy y_e
dx x X

which is a linear differential equation.
1
—dx
IF = eJ"
= p(o8x)
=X

The general solution is
eX
x=|=xd
y-x J.[ " x] x

= y-x= Iexdx



Q.4

Ans.

Ans.

= y-x=e"+k
etk
= y = e
X X
The solution of
d—y+y=e”‘, y(0)=0 is
dx
A)y=e*(x-1) (B) y = xe*
O y=x*+1 (D) y=xe™
Option (D) is correct.
Explanation: Given that,
d—y-k =e"
dx 4

which is a linear differential equation.
Here,P=1and Q =¢*
IF = o/*
= ex
The general solution is
y-e = fe_" e¥dx+C

= ye* = fdx+C

= ye* = x+C (i)

Whenx=0andy =0then,0=0+C=C=0

eqn. (i) becomes y-e¢* =x=y=xe™"

dy

. The general solution of I +ytanx =secx is
x

(A) ysecx =tanx + C

(B) ytanx =secx + C

(O) tanx = ytanx + C

(D) xsecx = tany + C

Option (A) is correct.

Explanation: Given differential equation is
dy
——+ytanx = secx

dx

which is a linear differential equation

Here, P = tan x, Q = secx,

IE = ejtan xdx

— elog‘secx‘

secx
The general solution is

y-secx = fsecx -secx dx+C
= y-secx = fseczx dx+C

= y-secx = tanx+C

. The solution of differential equation

dl+ 2xy 1 s
dx  1+x%  (1+x?)?

(A) y(1+ ¥?)=C+tan'x

Yy -1
B) ——=C+tan x
(B) 1+ x>

©) ylog(1+x2) =C+tan'x
(D) y(1+x*)=C+sinx

Ans. Option (A) is correct.

Explanation: Given that,

dy  2xy 1
- * 2 T 1. 2\2
dx 1+x (I+x%)
Here, P = 2x2
1+x
and :%
(1+x7%)

which is a linear differential equation.
2x

——dx
IF = ¢ 1+
Put 1+x% =t
= 2xdx = dt
dt
IF = eJ t
— elogt
_ elog(1+x2)
=1+x2

The general solution is

1
2y _ 2
y-(1+x%) = [(1+x )mw
1
= 1+x%) = dx +C
" ) J.1+x2
= y(1+x%) =tan'x+C

Q. 7. The Integrating Factor of the differential equation

xZ—‘Z —y=2x%is

(A) e (B) ¢

© ! (D) x
x

Ans. Option (C) is correct.
Explanation: The given differential equation is:

dy 2
J_y =2
xdx y X
= dy_y =2x
dx «x

This is a linear differential equation of the form:
., Py =Q
dx
1
(where P = — and Q = 2x)
The integrating factor (IF) is given by the relation,

IF =¢ ~*



of

©) Very Short Answer Type
Questions (1 mark each)

Q. 1. Write the integrating factor of the differential
equations /x Z—y +y= o2
X

[0. D. Set I, II, IIT Comptt. 2015]
Q. 2. Find the integrating factor of the differential
e_Z\/;

equation ¢ Y ﬂ =
1 B x|y

[NCERT][Delhi 2015]

d
Sol. We know, LE = ejp x
Here, P = % 1
1
[——=dx
LE = €Vx
= 82\/; 1/2

[CBSE Marking Scheme 2015]

Q. 3. Write the integrating factor of the following
differential equation.

1+y)+ (ny-coty)d—y =0
dx
R&U [All India 2015]
Sol. Given differential equation is
(1+y*)+(Qxy - Coty)d—y =0.
dx
The above equation can be rewritten as

(coty—ny)d—y =1+
dx

coty —2xy dx

or a+y®)  dy
dx coty  2xy
r — = s
© dy 1+y* 1+y°
dx 2y coty
—t+—=X = 1
or dy 1+y* 1+y2 <

which is a linear differential equation of the form

2 t
E+Px = Q, where P = yz andQ=LyZ-
dy 1+y 1+y
[ ay
Now, integrating factor = 7Y g 1y

Put 1+y? =tor2ydy=dt

[
IF = o't =¢logll —p =142 1

[CBSE Marking Scheme 2015]

Short Answer Type
Questions-I (2 marks each)

O)
Q.1. Find the general solution of the differential
equation Z—y+ 2y =e** [Delhi Comptt. 2017]

x

Sol. Integrating factor is ej 2 o2 14
. Required solution is

y,ezx = JeS" .ez"dx

Y
5x
ye=2_4C
5 %
eSx .
or y= ?+Ce 1

[CBSE Marking Scheme 2017]
Q.2. Find the general solution of the differential

Zy +2 4 = x R&U[Delhi Compt. 2017]
pa

equation —~
X

Sol. Integrating factor is

2
e.[;dx _ 2 "
Solution is yxt = Ix.xzdx +C %
4
2 X
x'=— +C
o 4
2 C
or y= e + x—z 1

[CBSE Marking Scheme 2017]

Commonly Made Error

Many candidates do not express the answer in
terms of constant 'C'.

@ Answering Tip

Q. 3. Find the integrating factor of the differential
1+y
x

R&U [OD Comptt. 2017]

equation ﬂ+ y =
dx



@ Short Answer Type

Q.1.

Sol.

Sol.

Questions-II (3 marks each)

Find the particular solution of the following

differential equation, given that y = 0 when x =

T dy
4 dx

+ycotx = [SQP 2021-2022]

1+sinx

The differential equation a linear differential
equation

jcotxdx logsi .
IF = ¢ = %™ =ginx 1
The general solution is given by
sin x
sinx = [2———dx
Y I 1+sinx
= ysinx = ZJ‘MW
1+sinx
= ysinx = ZI -1— 1 dx Y,
| l+sinx
) i 1
= ysinx = ZI 1——TE dx
1+cos (— J
L 2
I
= ysinx = 2_[ .
2cos? X
4 2
. 20 T X
= ysinx = ZI 1——sec (Z Eﬂ
= ysinx = 2_[_x+tan[z—§ji| +Cc 1

Given that y = 0, when x =

= a

T T
H , 0=2| —+tan— |+c
ence {4 8}

Hence, the particular solution is

Y= cosecx{z{x 4 tan(g = %) = (g 1 Ztanng A

[CBSE Marking Scheme 2022]

.Find the general solution of the following

differential equation: x dy — (y + 2x%)dx = 0
[CBSE SQP 2020-21]

The given differential equation can be written as
dy _ y+2x°
dx x
dy 1
Dy =9
- ax x’ g
Here P = !
x

Q =2x ¥

[F = e_[de

- ldx 1 1
= € X =€_°gx= - 1

=

The solutions is :

yxl = '[(Zxxl)dx
X X 1
= LA =2x+c
x
= y =2+ cx %

[CBSE SQP Marking Scheme 2020-21]

Commonly Made Error

» Some students think that it is homogeneous

and put =9 and goes wrong,.
x

{@3 Answering Tip

» In homogeneous equation, the degree of all

terms will be the same.

________________________________________________

Q. 3. Solve (1+x2)5—y+2xy—4x2=0 subject to the
x

initial condition y(0) = 0.
[CBSE Delhi Set I-2019]
[Delhi Set I, II, III Comptt. 2016]

Sol. Given differential equation can be written as :

dy  2x 4x*
—L 1 Z.y = _2
dx 1+x 1+x
. 2x 4x%
Wlth P = P = 2 1/2
1+x 1+x
LE (Integrating factor)
J-Zixdx
_ edex =@ 1422
— elog(l +x2) =14+ xZ 1/2

.. General solution is :
2

y(1+ 23 = jlixx2~(l+x2)dx+c 1

B

or y(1+ %) = 4%+C Va
Puttingx =0andy = 0, we getC =0
... Solution is :
3
y= Lz e
3(1+x%)

[CBSE Marking Scheme 2019] (Modified)
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LAY
Tdx 1+

[CBSE Delhi Set-I11, 2019]

2x
SoLIF. = ,Jua®__1 v
1+x?

Solution is given by,

1 x2+2 1
. = d )
y (1+x2] J1+xZ *
1 1
: =[] 1+ dx =x+tan" x +c
Y12 J( 1+x2) .
ory=(1+x%)(x+tanx + ¢ 1

[CBSE Marking Scheme, 2019] (Modified)
Detailed Solution :
Given differential equation is :

dl_( 2x
dx \1+x

2 jy =42
On comparing the given differential equation with

dy

e +Py = Q, we get

P=-——2 Q-2+2
1+x
LE = ejpdx
— 112:2 b o~ log(1+x%)
1
T 14+2°

Solution is given by :
y(LF) = [QxLFdx

1 X+ 2, T+x*+1
= = ——dx
e I 1+x? '[ T+x2
y o _ 1
= = |ldx+ dx
1+x° f I 1+x°
= yz =x+tanx + ¢
I+x
= y=1+x})(x+tanlx +c)
Q.5. Find the general solution of the differential
equation:

dx  ytany-—xtany-—xy
dy ytany
[SPQ 2018-19]

dx _ ytany-—xtany—xy

Sol. Given,

dy ytany
dx l+ s
dy |y tany | =1 1
I(1+coty]dy
ILF.=¢ Y — Sny+insiny
LF. = "¢ = ysin y iz

Solution of the D.E. is:
x X LF. = [(QxLF.)dy

= xysiny = Jysinydy )
- xysiny = y(—cosy)- [(~cosy)dy
= xysiny = —Yy cosy +siny+C

. r— smy—y.cosy+C .
ysiny

[CBSE Marking Scheme 2018,] (Modified)

Q. 6. Find the particular solution of the differential
dy

equation ——

dx
y—Owhenx— =

+ Zy tan x = sin x, given that

. R&U [Foreign, 2014]
CBSE Delhi/OD-2018] [NCERT]

Q. 7. Solve the differential equation

dy . . (n)
x—% +y=xcosx +sinx, giveny|— | =1.
dx 2

[Delhi 2017]



Sol. xd—y+y=xcosx+sinx
dx

1 1
or d—y+7-y=cosx+fsinx 73

dx x x

jldx |

I‘E:ex :eng:x 1/2
. Solutionis xy = f(xcosx+sinx)dx 1
or xy=xsinx + C 1

y=sinx+C1
x

x=E,y=1or1=1+ C(E] orC=0
2 T

Solution is y = sin x. Y2
[CBSE Marking Scheme 2017] (Modified)

Q. 8. Find the particular solution of the differential
equation :

d
d—y +ycotx =2x + x* cotx, x # 0.
x

Given thaty = 0, when x = g .

Al [Delhi 2017] [NCERT]
Sol. The given equation is a linear differential

equation of the type Zl +Py=Q,
x

where P=cotx,Q=2x+ ¥ cot x
IE = ejcotxdx _ plogsinx
= sin x %)
Hence, the solution of the differential equation is
given by :

y.sin x = j(Zx +x? cotx).sinxdx +C

= ij.sinxdx +J‘x2 cosxdx +C

22 2x2
sinx.i—_[cosxidx
2 2

+Ixzcosxdx+C
=x*sinx + C ()1
Substituting ¥ = 0 and x = g in the above

equation (i), we get

2
0="x1+C
4
2
or C= —% Va
Now substituting the value of C in eq. (i), we get
ysinx=xzsinx—z 1
i 2
= x" - i =0

or y Isiny (sin x # 0)

This is the required particular solution of the
given differential equation.
[CBSE Marking Scheme 2017] (Modified)
Q. 9. Solve the differential equation (tan™ x — y)dx = (1
+ 22 dy [0.D. Set 12017]

©) Long Answer Type
Questions (5 marks each)

Q. 1. Solve the differential equation :

L -3y cot x = sin 2x given y = 2, when x==.
dx 2

All [NCERT]
[O.D. Set I, II, III Comptt. 2015] [Foreign, 2017]

Sol. d—y —3cot xy = sin 2x 1
dx
IE = ef—Scotx dx
— e—BIog (sinx) — (sin x)—3
= cosec’x 1

.. Solution is

y-cosec’x = jsin 2x-cosecx dx

= j2cosecxcotxdx 1
or y-cosec’x = —2 cosec x + C
or y=-2 sin®x + C sin® x 1
b
— —,y=2
At x=7 Y
or C=4
i y = —2sin%x + 4 sin’x 1

[CBSE Marking Scheme 2017]

d
Q. 2. Solve the differential equation x ﬂTZ +y=xcosx
+ sin x, given that y = 1 whenx = g
[Delhi, 2017]

Q. 3. Find the particular solution of the differential
equation (1 + y?) + (x — ¢™'%) Zl = 0, given that
X

[Foreign 2017]

Sol. Given differential equation can be written as
-1

y =0whenx =1.

dx  x e Y
—+ = — 1
dy 1+y*  1+y°
dy
LE. = ¢ ¥ = gary Y
Solution is given by 1
tan”'y . 2tan”" y
ety = | £ xe™ Yy = fe Sy 1
1+y

1+y2



Q.4.

Sol.

1

eZtan_ y
or xe™Y = St 1
1
when x=1,y=00rc=5 1
L . 1 - 1
. Solution is given by xe'®" = 2 2ty + >
orx = % (™Y + gtany) s

[CBSE Marking Scheme, 2017] (Modified)

Find the particular solution of the differential

o xetn W _ sty (tanly— 1)+ c i)
It is given that y(0) = O i.e, y = 0whenx =0
Putting x = 0, y = 0 in eqn. (ii), we get

0=e"(0-1)+corc=1 )
Putting ¢ = 1in eq (ii), we get

-1
xetan_ly — e Yitanly-1)+1

or (x—tan"ly + 1) gan v =1 b
[CBSE Marking Scheme 2015] (Modified)

Q. 5. Find the particular solutions of differential equation:

d—y:w given thaty = 1 whenx = 0.

equation (tan~'y - x) dy = (1 + y?) dx, given that dx 1+sinx
whenx =0,y =0. [OD 2015] dy x ycosx
Sol. Since, - = - -
Given (tan™! y-x)dy=(1+ yz) e dx 1+sinx 1+sinx
= d cosx X
dx tanly—x or Y, Y = , ..(i)
or @ = 714_52 % dx 1+sinx 1+sinx W%
which is a linear differential equation with
-1 -
dx x tan™" y M 1 _ _COsX |~ _ X 1
O T T 1eg? ) % Trsing’ 2 Trsinx
.. Integrating factor
This is a linear differential equation with : focosx
-1 — T+sinx ~ _ ,log(l + sinx)
P= 5 andQ=ml/2 I'F'_e . ¢
1+y 1+y2 =1 + sinx 1
For general solution, we have
L 3 4 y(1 + sinx) = I—xdx-rC
or IE = e 1+y dy= etan y y
o . . ; [ y(F) = [Q(F)dx +C|
Multiplying both sides of eqn. (i) by
.2
LF = etan_ly ,we get y(1 + sinx) = % +C 1
x.LE = JQ.I.F.dy 1 Now, we havey = 1, whenx =0
1y -l in0) = —2
xetan_ly _ J-tan Zy ol ydy+c " or 1(1 + sin0) 5 +C
1+y
. or C=+1 P
or e Y _ J.tetdt +C, wheret = tan_ly Putting C = 1in eqn. (112, we get
tan_ly ¢ y(1 + sinx) = X
or xe =e(t-1)+C Y 2
or 2y(1 + sinx) + ¥-2=0 1
Homogeneous Differential Equations
Toplc-4 Concepts Covered e Solution of Homogenous Differential Equation of first order and
first degree

E Revision Notes

>

Homogeneous Differential
Equations and their solution :

2 Identifying a Homogeneous
Differential equation :

STEP 1 : Write down the given
differential equation in the form

d
£=f(x, y).

STEP 2 : If f(kx, ky) = K'f(x, y), then the given
differential equation is homogeneous of degree n’.

______________________________

1
1
Homogeneous: To be Homogeneous a !
function must pass this test: i

1

(=

___________________________________



______________________________

In other words,

Homogeneous is when we can take a
function: f(x, y) multiply each variable by
z : f(zx, zy)

and then can rearrange it to get this: z" f(x, y)
eg:x+ 3y

Start with: f(x, y) = x + 3y

Multiply each variable by z : f(zx, zy) = zx
+ 3zy

Let's rearrange it by factoring out z :
flzx, zy) = z(x + 3y)

And x + 3y is f(x, y) : flzx, zy) = z f(x, y)
which is what we wanted, with n = 1:

flzx, zy) = 2'f(x, y)

_____________________________________

< Solving a Homogeneous Differential Equation:

CASEI:If dy _ flx, y)
dx
Put y =0vx
dy dv
or -~ =v+x—
dx dx
CASEN:If %% —f, )
dy
Put x =0y
dx N do
2o+ y=
or dy y dy
Then, we separate the variables to get the required
solution.

of

n Multiple Choice Questions

Q.1. The differential equati 4y _sl¥
.1 quation of the form I f
is called
(A) linear differential equation
(B) partial differential equation
(C) homogeneous differential equation
(D) non-homogeneous differential equation
Ans. Option (C) is correct.
Explanation: The differential equation of the form

d d
& _ f[lj or =g/ 2| is called a homogeneous
dx x dy y

differential equation.

Q. 2. A differential equation of the form Z—y = F(x, y)
x

where F(x, y) is a homogeneous function of degree

__________________________________

@ Mnemonics

Homogeneous Differential Equation
Hojayega Genius Ilbimag Ekdum

Hoshiyar  First Floor Wale X, Y (f(xy)
-

Glround Il:loor Wale X, Y (g(xy),

apni S|a_me Degree ke saath
| — Forn aao JShree Yoga Vashist Xpert

ke pass
»Homogeneous
Differential ’ }
Equations
e ]
——
g(xy) of Same Degree
i ;For
Solution Substitute Y = Vx
Interpretation :

Differential equation can be expressed in the

dy dx_
form —=f(x,y) or —=9(x,y) where fixy)
dx dy
and g(xy) are homogeneous functions of
sum is called a homogeneous Differential
equation. These equations can be solved by
substituting y = vx so that dependent variable
y is changed to another variable v, where v is
some unknown function.

_________________________________________

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
:
. 1
» Homogeneous functions .
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

i L f(x,y)

zero. Differential equation of the form Zl =f (zj
x x

is a homogeneous differential equation of degree:

(A) 0
(©) 2

Ans. Option (B) is correct.

(B) 1
(D) Not defined

Q. 3. A differential equation of the form ? =G v)
4

where G(x, y) is a homogeneous function of degree

zero. Differential equation of the form ax _ g[x]

dy y
is a homogeneous differential equation of order:
(A)O (B) 2
©O1 (D) None of these

Ans. Option (C) is correct.



Q. 4. To solve the homogeneous differential equation of

the form %Y _ f(zj, we put:
dx x

(A) x =y (B) y=oux

Q) x=0 (D) y=vo

Ans. Option (B) is correct.

Q. 5.To solve the homogeneous differential equation

dx x

the form —= g(}, we put Al
dy y P

(A)y =ovx (B) y=x

©Qy=vo (D) x = vy

Ans. Option (D) is correct.

of

@ Very Short Answer Type
Questions (1 mark each)

Q. 1. For what value of # is the following a homogeneous
3__n
differential equation : dy _ %
X x"y+xy
[CBSE SQP 2020-21]

Sol. 3 1
[CBSE Marking Scheme 2020]

Detailed Solution:
Homogeneous differential equation must have same
degree in both numerator and denominator, it means

dy _ Xy
dx — XPy+ay?
n =3
Short Answer Type
Questions-I (2 marks each)

Q.1.Find the general solution of the following
differential equation:

xd—y =y 7xsin[1]

[SQP 2021-2022]
dx X

Sol. We have the differential equation:

] = Y sin [1]
dx x x
The equation is a homogeneous differential equation,
Puttingy = vx = d—yzv+xd—v 1
dx dx

The differential equation becomes

v
V+X— = 0v-—sinv
dx
do dx
= = e —
sin o x

Q. 6. A function F(x, y) is said to be homogeneous
function of degree n (a non-negative integer), if

(A) E(Ax, Ay) = M F(x, y) (B) F(Ax, hy) = %F(x/ )

(©) F(Ax, Ay) = AF(x, v)
Ans. Option (A) is correct.

(D) None of these

Q. 7. A function F(x, y) is a homogeneous function of

degree n, if All
n X
(A) ez, y) = x”f[%] (B) FG;y)= Y g[yj

(C) Both (A) and (B) (D) F(x,y) = x"f [%]

Ans. Option (C) is correct.

dx
= cosecvdy = —— b2
X

Integrating both sides, we get
log|cosecv — cotv| = -log|x| + logk, k > 0
(Here log | k| is constant an arbitrary)
= log| (cosecv — cotv)x| = logk 1
= | (cosecv — cotv)x| =k

=  x(cosecv — cotv) = tk

= cosecz—cotz x =g,
x x
where is the required general solution )

[CBSE Marking Scheme 2022]
Q. 2. Solve the differential equation :

xsin(z)d—y +x— ysin(z) =0
x)dx x

Given thatx = 1wheny = g

[CBSE Delhi Set I, 11-2020]
Q.3.Find the general solution of the differential
equation

yedx = (xe” + ) dy, y # 0

Sol. Given differential equation can be written as

x/ 2

L,

Y ye™?

x
Put - =0

Y

dx ot do 1
= — = —

dy Ty




= yd—v = ¥ :>10g|v+\/1+v2 =log|x|+logc Y
d]/ ev

. _[e”dv - de =S 0+V1+0" =cx = y+4x° +y° =cx’ 1

= @ = y+C 1 whenx=1,y=0=>c=1,[v=0] Y
ly  —

= e =y+C 7 .'.y-r\/mzx2 b

which is the required solution
[CBSE Marking Scheme 2020] (Modified)

Detailed Solution:
Given yeVdx = (xe” + ) dy, y 0

dy _ _ye xdy - ydx = x* +y” dx

[CBSE Marking Scheme, 2019] (Modified)

Detailed Solution :
Given differential equation is

dx xe”y+y2
[2 2
dx  xe™?+y? = xdy ( Ty +y)dx

x/y
oo dy P ayiry 0

=

Put X =uvy = F x
dx
= v+ ydf The given differential equation is homogenous with
Y Y zero degree
v 2
20 _ vye +y d dv
= vty = So, uty = ox = —y=v+x—
dy ye’ puty dx dx
d 4 2 :
- do oye+y” From eq. (i), we get

v+ x =

y
d v
4 ye do ¥ +(vx)2 +0x
x

do o
= Yy =
dy ye’ [
i do x2(1+v2)+vx
y@ Y = X—=+—"-0
= dy — ye' " ’
dv 1 = X o = V1+v* +0v-v
N = dx
Y e
d
. je“dv:fdy+c = xﬁ: 1+0°2
- e =y+C do d
= ¢ =y + Cis the required solution = 711-%2)2 = ?x

Q. 4. Solve the differential equation :

Integrating both sides, we get
xdy-ydx= J¥i+y? dx, given thaty = 0whenx =1.

do Y
Al [CBSE Delhi Set-I, 2019] V1+70? x

v+ +1| =logx + logc
v+Vo? +1| = log (cx)
= v+ Jpiel =ox

2 2 2
Sol. Writing 4/ _ Y *NY *¥ =+,,1+(y) Put v="Y, weget
dx X X X X

el B
Put Y=0x = =0r X b LA (ZJZ+1=cx
x

OR = log
Find the general solution of the differential equation:

xdy-ydx=\x*+y* dx = log
[NCERT][Comptt. Delhi-2016]

Differential equation becomes

v+x@=v+\/1+v2 = y+ Y ryt=od -.-(ii)

dx

; ; Given, x =1wheny=0
v x

= == 0++v1+0 =cx1
j\/1+vz '[x

= c=1



Put ¢ = 1in eq (ii) we get

e R e
= \x2+y2 = xz_y

= @+ = (C-y)
Q.5. Find the particular solution of the differential
equation
xd—y =y- xtan(z)
dx x

[CBSE OD Set-I, 2019, Delhi Set-II, 2020]
(Given thaty = % atx =1)
Q. 6. Find the general solution of the differential equation:
dy
x-y) dx =X + 2y.

Al [OD 2017] [SQP 2017-18]

Sol. Given differential equation can be written as

dy _ x+2y
dx  x-y
d 1+2

or v+l = * v,wherey=0x 1
dx 1-v

v-1 1
W g = —;dx

Integrating both sides, we get

1 20+1 f & = —log|x| 4C
2 vz+v+1 2+v+1 -l v
1 2 _1(20+1)
—1 +0+1| /3t
or 5 og|v” +v+1]| an 7
=-log |x| + C
y ¥ —1(2y+x
,10 + +1|-+/3tan
' 2 %8 ( V3x )

=-log|x|+C 1
2 1 x+2y
orlog |x® + xy + 12| = 23tan!| ==L |+ ¢4
3x

where C,=2C ¥

[CBSE Marking Scheme 2017] (Modified)

Q.7. Find the particular solution of the differential
equation 2ye”Vdx + (y — 2xe"Y)dy = 0 given thatx = 0

wheny =1. All [Foreign 2017] [NCERT]
[OD 2016]
dx 2xe*!Y -y
Sol. dy = Zyex/y
Put, X =y
y

then dx _ v+yd— 1
dy dy
- @ . Zvyev -y
v dy 2ye”
ZJevdv = Jd—y b2
Y
General solution is:
2¢° = -logly| + C
or 2¢% = —log|y| + C 7
Given, x=0y=1=C=2

Particular solution is
X

2¢¥ +log|y| =2 1
[CBSE Marking Scheme 2016] (Modified)

Detailed Solution :
2ye™Vdx + (y — 2xe™)dy = 0

dx eV —
or -

dy 2ye™/
. Itis a homogeneous differential equation
Put x =uvy
de
dy dy
do 2¢%v -1
Thus, vty @ = o0
or y dv _ 2¢"v-1
dy 2¢°
dv -1
or y dy = 200
or 2e%dv = lldy y#0
y
or ZJevdv = —J.ldy
y
or 2¢° =-log |y| +C
or 2 +1logly| =C (i)

Itis given that x = 0, wheny = 1.
So, putting x = 0, y = 1in eqn. (ii), we have
2¢° +log1 =C
or Cc=2
Putting C = 2 in eqn. (ii), we have
2¢% + logy =2

Q. 8. Solve the following differential equation :
X X

1+eY dx+ey(1—x}ily=0.
y

[NCERT][SQP 2016-17]



x Ed 1+¢” gy = — I dy
Sol. Wehave |1+eY |dx = (f 1]ey dy '[e”+v = y
y
log,|e’ + v| = —log,|y| + log,C 1
. S or log,|(” + v)y| = log,C Y%
dx [y ]é’y or (e +oyy=C=A
or dy x z e
_ y _ .
1+eY or e’ +— |y = A, the general solution. %2
Hence, homogeneous differential equation ) [CBSE Marking Scheme 2016,] (Modified)
dv Q. 9. Solve the differential equation :
Xx=0Yy=>—=0+Yy—
d dy x x
vry® - (=D’ " 2yeydx+[y—2xedey =0.
dy 1+e”
[O.D. Set-II, 2016][O.D. Set-I, 2017]
Topper Answer, 2017
. Sol. ay .e'_..%,d 4 {;{— axs?i*:u.u =5 .
i ‘ SNl s U 5
! _ e = e e S _ _ e - .
: - e Y= :
i Goyrydis  4-30e . g eN e o LU A _ |
: , a‘g _.gge\f 2 ] @ - 2 o - i :
i s e i
i - - I:L\'Qsa\(ah:q = o i
| _e L |
: % i Mk TR O :
1 e, | S e 3 = L :
| g2 *_.Ral 99 ;:-:f o=t W Wued salidion o i Wszuu quakiany '
. L= : v .
Q. 10. Find the solution of the differential equation
y yz sin (1) + xy cos (1)
(xdy — ydx)y sm( ) (ydx + xdy)x cos( ) or dy _ X X
x
d xysin(z) —Xx cos(z)
[OD Comptt. 2013] [NCERT] x x
Outside Delhi Set I, II, III C tt. 2016
[Outside Delhi Set L, IT, omp ] Put (y/x) = v to get y = vx and G il
Sol. Given differential equation can be written as dx dx
dy—vyd il 2| = (s ¥ dv  v*sinv+0cosv
(xdy —ydx)ysin (ydx + xdy)x cos vy 28 _ U SN0+ UCOST 1
* * dx vsinv —cosv
xysm( )dy Yy sm(y)dx or x@ = ﬂ
dx  vsinv—cosv
= yxcos(y)dx+x cos(y)dy or dezj _ _ZJ'd_x 14
VCOSD x
xysin(y)—y—y sm(y) orlog|v cosv| + log x> =log C
dx x or x*vcosv=Corxycos(y/x)=C %

- cos( y ) iy cos( y) Z_y [CBSE Marking Scheme 2016] (Modified)
x x ) dx



@ Long Answer Type
Questions (5 marks each)
Q.1. Solve the differential equation x*dy + (xy + y?
dx=0giveny =1, whenx = 1.
Al [NCERT] [O.D. Comptt. 2015]

Sol. Given, ¥*dy + (xy + y?)dx =0
dy _ —(y+y?) "
dx xz
Put Yy =ox
dy dv
or — = v+x—
dx dx
.. The differential equation becomes
v+ x@ = 2 1
e (v + v9)
d
or 5 - - & V2
0"+ 20 x
J~ dv _[ax
o Jw+1)2-12 x
or 1lo e + log C 1
2 Bypa T 08X T8
or E = y 1
5 y+2x
1
Ifx=1,y=1,thenC= —
g B
1 y
or —— = 1
\3x y+2x

[CBSE Marking Scheme 2015] (Modified)
Q. 2. Find the particular solution of the differential

equation :
’ d
xeX — ysin(z) + x—ysin(z) =0,
x dx x
forx=1,y=0. [SQP 2015]
Sol. Given differential equation is homogeneous.
. dy dv
- Puttingy = vxtoget — =v+ x— 1
dx dx
¥
&y ysin(%)—xex
dx xsin(z)
x

dv  vsinv-—e’
or vt X— = ——— 1

dx s o

dv e’
or v+ x— = U——

dx sin v

do e’
or X— = ——

dx sinv
J'sinve_vdv - [

x

Q.4.

Sol.

or I, =-logx + C; ()1

or I, = —sinv.e™ + jCOSUE_UdU

o~ I, = —sinv.e’~cosve™ —_[sin v.e Ydv
_ ]. . -0

@i I = —E(smv + cosv)e

Putting (i), (sin v + cos v) e = log x* + 2C,
Y

or [sin(y)+cos(y)] x =loga®+ G, 1
x x

Forx=1,y=00rC, =1 7
Hence, solution is
Y

[sin(z)+ cos(z)]e7 =logx* + 1 Y
x X

[CBSE Marking Scheme, 2015] (Modified)

. Show that the differential equation

|:x sin? (1) - y]dx +xdy =0
x
is homogeneous. Find the particular solution of

this differential equation, given that ¥ =g when

x =1 [O.D. Set I, 11, III Comptt. 2015]
Al [NCERT]

2
Show that the differential equation dl = yiz

dx xXy—x
is homogeneous and also solve it.
R&U [All India 2015]

Given differential equation is
2

dy _ _ Y .
ol I ...(d)
2
Let F(x,y) = xyy_ e

Now, on replacing x by Ax and y by Ay, we get

}\’2 2 2
Fle ) = 3oy = W o = WFw )

Thus, the given differential equation is a
homogeneous differential equation. 1

Now, to solve it, put y = vx

dy dv
or -~ = v+x—
dx dx
From Eq. (i), we get
do v*x? v*
U = e — 1
dx Xt —x v—1
dv V> v -0 40
or x— = -0 =
dx v—1 v—1
or xdv - or v_ldv=d—xl

dx v—1 v X



On integrating both sides, we get
_[(1 = 1) dv = o
v x

or v-log |v| =log |x| + C

or z—logz‘ =10g|x|+C[putv=1]1
x x x

of

{®) Case based MCQs (1 mark each)

Attempt any four sub-parts from each question. Each
sub-part carries 1 mark.

I. Read the following text and answer the following
questions on the basis of the same:
A Veterinary doctor is examining a sick cat brought
by a pet lover. When it was brought to the hospital,
it was already dead. The pet lover wanted to find its
time of death. He took the temperature of the cat at
11.30 pm which was 94.6°F. He took the temperature
again after one hour; the temperature was lower
than the first observation. It was 93.4°FE The room in
which the cat was put is always at 70°E The normal
temperature of the cat is taken as 98.6°F when it was
alive. The doctor estimated the time of death using
Newton law of cooling which is governed by the

dt

the room temperature and T is the temperature of

the object at time .

Substituting the two different observations of T and

t made, in the solution of the differential equation

% = k(T — 70) where k is a constant of proportion,

differential equation: o< (T—70), where 70°F is

time of death is calculated. [CBSE QB-2021]
Q.1. What will be the degree of the above given
differential equation?
(A) 2
©o
Ans. Option (B) is correct.
Q. 2. Which method of solving a differential equation
helped in calculation of the time of death?
(A) Variable separable method
(B) Solving Homogeneous differential equation
(©) Solving Linear differential equation
(D) all of the above
Ans. Option (A) is correct.
Q. 3.If the temperature was measured 2 hours after
11.30 pm, what will be the change in time of death?
(A) No change
(B) Death time increased
(C) Death time decreased
(D) Death time always constant

B) 1
(D) 3

or —log |y| + log |x| =log |x| + C
x
|: log(ﬂ) =logm — logn]
n
L -loglyl =C
x
which is the required solution. 1

[CBSE Marking Scheme, 2015] (Modified)

Ans. Option (A) is correct.
Q.4.The solution of the

Z—T = k(T—70) is given by,
t

differential equation

(A)log |[T-70| =kt + C
(B) log |[T-70| = log |kt|+ C
(O T-70=kt+C
(D)T-70=ktC

Ans. Option (A) is correct.

Explanation:

dT - k(T -70)dt =0

This is separable
ar _ k(T -70)
dt

T
T-70) dt
()2
T—70) dt
j(L)dT = kjdt
T-70

log |T-70| =kt +C
Q.5.If t = 0 when T is 72, then the value of C is
(A) -2 (B) 0
(€) 2 (D) log2
Ans. Option (D) is correct.

kjdt

II. Read the following text and answer the following
questions on the basis of the same:
Polio drops are delivered to 50K children in a
district. The rate at which polio drops are given
is directly proportional to the number of children
who have not been administered the drops. By the
end of 2" week half the children have been given
the polio drops. How many will have been given
the drops by the end of 3rd week can be estimated
using the solution to the differential equation
% = k(50 — y) where x denotes the number of
weeks and y the number of children who have been

given the drops. [CBSE QB-2021]
Q. 1. State the order of the above given differential

equation.

(a2 (B) 1

o (D) Can't define

Ans. Option (B) is correct.



Q. 2. Which method of solving a differential equation

d
can be used to solve d—y = k(50 — y)?
x

(A) Variable separable method
(B) Solving Homogeneous differential equation
(C) Solving Linear differential equation

(D) All of the above

Ans. Option (A) is correct.

Q.3.The solution of the differential equation
d—y = k(50 — y) is given by,
dx ’

(A) log |50 —y| =kx + C
(B) -log |50-y| =kx + C
(C) log |50 —y| = log|kx|+ C
(D)50-y=kx+C

Ans. Option (B) is correct.

Explanation:
Y _ k(50-y)
dx
|
50—y

—log|50 -y |=kx+C

Q. 4. The value of C in the particular solution given that
y(0) = 0 and k = 0.049 is

1
A) log 50 B) log —
(A) log (B) log 50
(©) 50 (D) -50
Ans. Option (B) is correct.
Explanation:
Given, y(0) = 0 and k=0.049

Wehave, -log|50-y|=kx+C
log|50-y| = -kx-C
log|50-0] = 0-C
[+x =0,K = 0.049,(0) = 0]
log50 = -C

C= logsl—0

Q. 5. Which of the following solutions may be used to
find the number of children who have been given
the polio drops?

(A) y = 50—
(©) y =501 - ™)
Ans. Option (C) is correct.

(B) y=50-¢™
(D) y =50(™ - 1)

Explanation: We have
—log|50-y| = kx+C

1
~log|50—y| = kx +log —
0g|50 -y | = kx 085

50—y

1 =-k

og =0 X
50_]/ —kx

50—y = 50e™
y = 50— 50
y =50(1-e™)

Case based Subjective
Questions (2 mark each)

I. Read the following text and answer the following
questions on the basis of the same:
Reeta note down the following about homogeneous

differential equations in her note book,in
mathematics class.

If the equation is of form

dy _ f(x,y)
dx  g(x,y)
d

o )

where f(x, y), g(x, y) are homogeneous functions of
the same degree in x and y, then put y = vx and

dy

do
L=p4+x—.

So, that the dependent variable
dx dx

y changed to another variable v and then apply
variable separable method.
Q. 1. Solve the differential equations:

(x —xy)dy = ydx
Sol. Given (x —+/xy)dy = ydx

dy _ _Y¥_ ;
= o _\/;y ..(i)
Dividing Nr and Dr. of RHS of (1) by x, we get
¥
Ay _ _x
dx -y
x

which is of the form dl =f [1]
dx x

Therefore, (i) is a homogeneous differential

equation,
Put Yy =0vx
= dy _ v+ x— Y
dx dx
From (i), we get
X ¢
V+x— =
dx 1-+Jv
3
do v?
= x— =
dx  1-+Jo
1—J5d dx
= 3 U0 = —
02
3
= [U 2 —1]110 = dl 1/2
[ X



Integrating both sides, we get dy dv

= < = v+x— Y
L dx dx A
° " _loglo| = log|x| + d
——10g V]| =
1 & oglxI T e Substituting the values of y and d—y in eq. (i), we get
2 X
dv
-2 2l v+x—| =0 + o2
= ﬁ*108|vx| = ('0 dxj o
X = 2x@ =v*-v
= 2 7+10g|y|=_(;=A(say) 1 dx
Y
2 dx
= —dv = —
. X . . 0" -0
Hence, solution is 2\/7 +log|y| = A, Ais arbitrary
Y 1 1 dx
= 2l ——=|dv = == 1/2
constant. v-1 v x
Q. 2. Solve the differential equations: 2 Integrating both sides, we get
Zdy—y+y2 2(log|v-1| —log|v|) = log|x| + ¢
e 1
dx x «x = Zlog—vv ‘ = log|x| + ¢
2
Sol. Given, 2y Y (i)
dx X x? loglY =% _ . .
= 2log = log|x| + ¢, cis arbitrary constant1
Put Yy =ux

- Solutions for Practice Questions (Topic-1)

Very Short Answer Type Questions Detailed Solution :
2. Order = 2, degree = 1 Yo+ Y5 d? d
& s Given, x° (Z]z +x(dy]4 =0
[CBSE Marking Scheme, 2019] dx X
dz
The highest order derivative is Z , hence the
Topper Answer, 2019 dx

order of given differential equation is 2.

Sol. e —ia Also, the power of the highest order derivative is 2,

i ¥ Y=o 14/ 2' L4 \i o i hence the degree of differential equation is 2.
; dx* L ' (g‘x ; Therefore, Order = 2 and Degree = 2
. ___ORDER = .
! B : Commonly Made Error
bemeet
! '.__..______.._________________________________J Lo Some students take the degree as the highest

' power of the derivative.

Commonly Made Error

» Some students write the degree as 4 or 8
considering it as the highest power.

f@? Answering Tip

. » Degree is the highest power of the higher
I order derivative.

______________________________________________

Short Answer Type Questions-I

5@3 Answering Tip

1 . . . | 2 B
: » Degree is thfsz highest power of the highest ! 4 Here, dy ++x)y = - dy 1
R order derivative._ ! dx
3. Order = 2, degree = 2 Yot 14 Thus, order is 2 and degree is 3. So, the sumis 51

i [CBSE Marking Scheme 2019] [CBSE Marking Scheme 2016]



Solutions for Practice Questions (Topic-2)

Very Short Answer Type Questions
1. 0

[CBSE SQP Marking Scheme 2020-21]

dy 3
3. f[Ty = J'x dx
Iezydy = Ix3dx )
2y 4
or L = L+C
2 4
4
or lezy =X ,c )
4
2¢% = x* + C,

where (C, = 4C)
[CBSE Marking Scheme 2015]

Short Answer Type Questions-I
dy _ dx
1+y°  1+42

3. For A

Integrating, we get

tan'x + C.

J3 so tan"'+/3 =CorC=§ A

tan"ly =

Asx =0,y =

N

Solutions for Practice Questions (Topic-3)

Very Short Answer Type Questions

1. Writing the given equation as
dy 2%
+—y =
dx \/; Jx
1
Here, P=—
Jx
1
[——dx
E =P =y,
IE = ¢ ¥

[CBSE Marking Scheme 2015]

Short Answer Type Questions-II

3.  Given differential equation can be written as

dl+(1_ljy: 1 1
dx X x

X
e

or — 1
X

[CBSE Marking Scheme 2017]

Getting integrating factor = ¢* =198

5

Solution is tan! ¥ = tan'x +§ 17
an' L =T
1+xy 3
1+xy fan 3 V3
y-x = 31+ 1/2

[CBSE Marking Scheme 2017]

Short Answer Type Questions-I1l

Sol. Given equation can be written as

d
-[Zey _fx+1

J‘ %

21— ey x+1
= -log|2-¢/| + logc =log|x + 1| 1
=>Q2-d)x+1)=c
Whenx=0,y=0=c=1 1
. Solutionis 2-¢¥) (x + 1) =1 b3

[CBSE Marking Scheme, 2020] (Modified)

Short Answer Type Questions-II

: . 2tan x dx
o Integrating factor is e
— 62 logsecx _ SECZJC A
ysec’x = jsin x-sec? xdx 1
or ysec’x = Jsecx tan xdx
or ysec’x = secx + C b

x= g,y:0;0=2+c

or C= -2 )
ysec’x = secx—2
or y = cos x — 2 cos’x Y

[CBSE Marking Scheme 2018] (Modified)

10. Given differential equation can be written as

d _
(1+x2)—y+ =tan' x
dx
d 1 tan~!
— Y . _ fan 2x .
PR 1+x
1 J’%dx -1
Integrating factor = ¢ " =g * "



= SO |
. Solution is y.e"" ¥ = Jtan‘l xe ¥ : dx 1
+x

2

= ye™ F = ™ (tanlx-1) +c 1
ol

or y =(tanlx-1) + ce™ *

[CBSE Marking Scheme, 2017] (Modified)

Long Answer Type Questions

2. The given equation can be written as

d sin x
—y+Z =cosx +
dx «x X

1
~d
I, = e'f" :

= ow = 1

2. Given differential equation gives

&y ysin[%)—x

= Y
& xsin (zj
X
vo_,
X
= y = ox
and d_y = U+x @ b3
dx dx
inv—1
oty d_z) _ v sn.rw v,
dx sinov
= o
dx  sinv
= Isinvdv = _—1dx 1
X
—C0SV = —10g|x|+C
or Cos (%) = log|x|-C Ya
Given x =1
T
when = =
y 2
= C=0
cos (zj = log |r|is the required solution
* v
[CBSE Marking Scheme 2020]
Detailed Solution:
We have,

xsin(zjd—y+x—ysin1 =0
x )dx X

.. Solution is

y.x= f(xcosx+sinx)dx+c 1

y.x=xsinx +c 1
or y=sinx + <

x
T

when x=E,y=l,wegetc=0
Required solution is y = sin x 1

[CBSE Marking Scheme, 2017] (Modified)

Above differential equation is a homogeneous equation

Put Yy =vx
dy do .
Then, — = v4+x—
en dx dx (i)
From (i) and (ii),
. (vxj
vx.sin| — |—x
dv _ X
= L o
dx xsin(—j
x
= vtx— = ;
dx xsinv
. o+ _ vsinv -1
dx sinv
N xd—v _ vsinv—l_v
dx sinv
- xdl _ vsinv—1-wvsino
dx sinv
= xd—v = _ 1
dx sinv
= sinv dv = —ldx [Here x # 0]
x
Now, integrating both sides
. 1
= sinvdv = —|=dx
] i
= —cosv =-log|x| + C
Put, v = ¥
x
= -cos(lj = _log|x| + C (i)
x

Also, given that x = 1, wheny = g

Putx=1andy = g in (iii)

x(vsinv —1) i

= —cos(g) =-logl+C



C= Integrating both sides we get,

Y
= _COS[ )+log|x| =0 log | sinv |=-log | x | +logc
c‘ 1

=log | sinv | =log|—
x

Therefore, log |x| = Cos(lj is the required solution.
* *. Solution of differential equation is

5. The given differential equation can be written as: sin [1)= £ orx-sin (ﬂ )=c %
x) x x
d
Put &Y _Y_ ¥ i
dx  x tan(x : Putx=1andy=£,weget
y dy v i
<~ =vand—==v+x—, to get ¥ -
x dx dx 1 sm( )_ c
v+xZ—U=v—tanv =>c=sin(£j=i
g V2

.. Particular Solution is

:>x@ =—tanv
dx x.sin(l) =i b2
b4

= cotvdvz—ldx, 7
X

OR

Topper Answer, 2020

ray = Y. atany
dx 2| B _ . _
5 riu g_tan( =) -

x
-_ ev\% B o howmog vwe.ouy Punckof)

]Qf“.'i*_u 3 Y=V
x

b’i@@ermﬁoﬂr%m m'ft@u}o ®

N %guvmaw - -
2 equarion §) ©N be widenas
VAV = Vtany
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Long Answer Type Questions
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i which is homogeneous.

i Put, y=0ox

i dy do

. or = v+x—

i dx dx

: do . 5

- or v+x— =v-sin“v

i dx

: dv D)

; or x— =—sin“v
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! or —— = ——
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[from (ii)]

Y

On integrating it, we get

J‘ Y
<2 - |
sin“v x
2 dx
or Icosec vdv = —|—
x
or —cotv=-logx +C b2
or logx-cotv=C
Putting, =14
x
So general solution is : )

log x — cot Y-c
x

Putting, x=1y=

| a

logl—cotg =Cor0-1=C

or C=-1 1
.. Particular solution is

log x — cot 4-q
x

or cotl—logx=1. 1
x

[CBSE Marking Scheme 2015] (Modified)

time problem.

(a) Differential equations are applied in various real

REFLECTIONS

(b) General solution of differential equation contains
as many arbitrary constants as the order of the
differential equation.
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SELF ASSESSMENT PAPER - 03

Time: 1 hour MM: 30
(A) OBJECTIVE TYPE QUESTIONS:
I. Multiple Choice Questions [1x6 = 6]
Q. 1. The value of Jmt;{ﬂdx is
sec”x—1
(A) cotx—x +¢ (B) —cotx+x+c
(C) cotx+x+c (D) —cotx—-x+¢
sin® x + cos® x
Q. 2. The value of Jﬁdx is
sin“ xcos” x
(A) tanx + cotx + ¢ (B) tanx-cotx + ¢
(C) cosec x —cotx + ¢ (D) sec x—cosecx + ¢

Q. 3. The solution of Ja"da is

ax ax+l

+c (B) a*log,a + ¢ Q)
log,a x+1

(A) +c (D) xa*~ '+ ¢

2
Q. 4. The value of J(lﬂix)dx is
x

1

(A) 1 +logx?*+c  (B) 3(1+logx)®+c (€) 3 (1+logx)?’+c (D) None of these

Q.5. Areabounded by parabola y* = x and straight line 2y = x is sq. units.
4 2 1
A) — B) 1 Q) = D) -
(A) 3 (B) © 3 (D) 3
2
Q. 6. The solution of the differential equation a 1+7y2 is
x 1+x
A)T+xy+cly+x)=0 (B) x+y=c(l-xy)
Q) y-x=c(l+xy) D) 1 +xy=clx+y)
II. Case-Based MCQs [1x4 = 4]

Attempt any 4 sub-parts from each questions. Each question carries 1 mark.

Read the following text and answer the following questions on the basis of the same.

Whatsapp became the world’s most popular messaging application by 2015. As of 2021, WhatsApp is most popular
global mobile messenger app worldwide with approximately two billion monthly active users. WhatsApp has also
been criticized for spreading of fake news.

In a population of 5000 people, a rumour on whatsapp spreads at a rate proportional to the product of the number
of people who have heard it and the number of people who have not. Also, it is given that 100 people intiate the

rumour and a total of 500 people know the rumour after 2 days.



Q. 7. Find the maximum value of y(t), if y(f) denote the number of people who know the rumour at an instant .

(A) 500 (B) 100 (C) 5000

dy _
Q8 =

(A) (v -25000) (B) y(y —5000) (C) ¥(500-y)
Q.9. Y(0) = oo

(A) 100 (B) 500 (C) 600
Q.10.y(2) = oo

(A) 100 (B) 500 (C) 600

Q. 11. At any time f, the value of y is:
5000 5000 5000

(A) y = (675000kt +1) ( ) y = (1+675000kt) (C) y = (496750001“ +1)
(B) SUBJECTIVE TYPE QUESTIONS:
III. Very Short Answer Type Questions
3x
ind: |——dx
Q. 12. Find: st 1™
Q. 13. Write the general solution of differential equation 4y _ ety

(D) none of these

(D) y(5000 —y)
(D) 200
(D) 200

5000

(D) y=m

Q. 14. Using integration, Find the area bounded by the function f(x) = x°, the X-axis and the lines x = — 1.

IV. Short Answer Type Questions-I

1
Q. 15. Find the value of Jx(l —x)"dx.
0

Q. 17. Find the integrating factor of the differential equation Z—y +y = 1ty .
x x

V. Short Answer Type Questions-II

2 2

Q. 18. Find the area of the region bounded by the ellipse xz + % =1.

Q. 19. Evaluate: jnﬂdx.

0 secx cosec x

[1x3 = 3]
[2x3 = 6]
[3X2 = 6]



VI. Long Answer Type Questions [1x5 =?]

Q. 20. Solve the differential equation:

4y -3y cot x = sin 2x given y = 2, when x = r
dx 2

aa



